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Abstract

The aim of this study was to apply an approximate Galerkin finite-element method to solve the initial boundary-value

problem of a viscously damped axially moving pre-tensioned beam including arbitrary support excitations. In order to

validate the Galerkin finite-element method the results were compared with exact solutions when available and with

solutions obtained using the finite-difference and Galerkin methods. The energy dissipation of the system was considered

in the form of an equivalent viscous-damping model. It was also shown that for certain values of the parameters, especially

at high velocities, the Galerkin method using stationary string eigenfunctions can give a poor prediction of the dynamic

response.

r 2006 Elsevier Ltd. All rights reserved.
1. Introduction

Many engineering devices can be represented by axially moving systems, for example, power-transmission
belts, plastic films, chain drives, magnetic tapes, paper sheets and textile fibers. To ensure that such structural
systems operate under stable working conditions, the dynamic response and stability of such systems have
been studied extensively. A great deal of research has been done on the transverse vibrations of such systems.
The traveling flexible string and the traveling, tensioned Euler–Bernoulli beam are the most common models
of axially moving continua. The early research in this area includes studies by Mahalingam [1] and Archibald
and Emslie [2] who started to investigate the transverse oscillations of traveling string. The literature regarding
axially moving systems is extensive, in Ref. [3] a thorough literature review up to 1992 can be found. Among
the studies reviewed in Ref. [3] there are several investigations considering the vibrations of a belt moving with
time-dependent velocity [4–6]. A stability analysis was preformed, assuming that time-dependent velocity is
varying harmonically. Later, Chen and Yang [7] investigated the transverse vibrations of a viscoelastic beam
with time-dependent speed. The fundamental role of nonlinearity has been widely studied in Refs. [8–12].
Al-Jawi [13–15] first investigated the vibration localization phenomenon in dual-span axially moving beams.

While for more accurate results, a nonlinear model is required, in this paper a simple linear model of an
axially moving beam, taking into account support excitation, was proposed. To the authors’ surprise the
ee front matter r 2006 Elsevier Ltd. All rights reserved.
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literature that deals with the transverse oscillation of an axially moving continuum due to the lateral
vibrations of supports is limited. In two classic articles [1,2] the transverse oscillations of a traveling string due
to the sinusoidal lateral vibrations of the supports was investigated. Wickert and Mote [16] determined the
response of an axially moving string and beam to arbitrary excitations and the initial conditions using two
closed-form solutions: a modal analysis and a Green’s function method. These techniques were also applied to
an axially moving beam that is excited by a prescribed transverse support motion. Recently, Horssen
published a paper [17] where the axially moving string problem was solved exactly using the standard method
of Laplace transforms. An analytical solution was derived for arbitrary lateral vibrations of the supports. In
general, analytical solutions for the vibrations of axially moving continua are difficult to find. Pramila [18]
proposed a finite-element method (FEM) for a moving beam on an elastic foundation. In this work, the
boundary conditions do not include support excitations. In all of these studies [1,2,8,17,18] the axially moving
one-dimensional structures were assumed to be elastic. Thus, in this work the dissipation of energy was
considered in the form of an equivalent viscous-damping model, see also Ref. [19]. An approximate Galerkin
finite-element method was applied to solve the initial boundary-value problem of a viscously damped, axially
moving pre-tensioned beam, including arbitrary support excitations. Although the Galerkin finite-element
method is widely used, to the best of authors’ knowledge it has not yet been applied to the problem analyzed in
this paper. In order to validate the Galerkin finite-element method the results were compared with the result
obtained using the finite-difference and Galerkin methods. When possible the approximate solutions were also
compared with the exact solutions given in Ref. [17]. The Galerkin method is widely used in the literature
[4,10,13–15,20,21] for the spatial discretization of an axially moving continuum. When using the Galerkin
method the transverse displacement field is usually expanded into a sine series, which represents the
eigenfunctions of a simply supported stationary string. Rajesh and Parker [22] have examined the spatial
discretization of the eigenvalue problems of axially moving continua from the perspectives of a moving versus
a stationary basic-functions system. They stated that a stationary system’s basic functions are the most reliable
basic functions when the aim is to obtain the natural frequencies and the mode shapes at subcritical velocities.
From the results presented in this work it is obvious that this is not the case when the interest lies in obtaining
the dynamic response. In numerical examples, we have shown that for certain values of the parameters,
especially at high velocities, the Galerkin method seems to give a poor prediction of the dynamic response.
Although the Galerkin method is widely used, no such phenomenon has been reported in the literature.
Moreover, the proposed Galerkin finite-element method gives a good prediction of the dynamic response for
various parameters of the system.

This paper is organized as follows. First, in Section 2, the equation of the axially moving beam is given. The
spatial discretization of the problem using the Galerkin finite-element method is presented in Section 3; this
section also presents the algorithm for the Galerkin and Newmark methods. In Section 4, the algorithm for the
finite-difference method is briefly presented. The numerical results are presented in Section 5, and the
conclusions are drawn in Section 6.
2. Equation of motion

Consider a belt moving with an axial velocity between two supports that are a distance L apart, as shown in
Fig. 1. The transverse vibrations of the belt can be modeled as a moving beam. The mathematical model of a
moving beam is based on the following assumptions:
�
 the tension in the beam is constant,

�
 the lateral vibrations are small,
f (x,t)

z

Fig. 1. Moving belt between two supports.
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�
 the effect of gravity is neglected,

�
 the effect of air drag is taken into consideration,

�
 the mass of the beam per unit length is constant,

�
 the axial velocity of the beam is constant.
Using these assumptions the equation of motion can be written in the form

a2 q4wðx; tÞ

qx4
� ðc2 � v2Þ

q2wðx; tÞ
qx2

þ 2v
q2wðx; tÞ
qx qt

þ
q2wðx; tÞ

qt2
þ b

qwðx; tÞ

qt

þ bv
qwðx; tÞ

qx
¼

1

m
f ðx; tÞ, ð1Þ

where

a ¼

ffiffiffiffiffiffi
EI

m

r
; c ¼

ffiffiffiffi
T

m

r
; b ¼

d

m
.

The variable wðx; tÞ denotes the transverse displacement, E is the Young’s modulus, I is the moment
of inertia of the beam’s cross-section about the z-axis, T is the axial tension force, f ðx; tÞ is the
distributed load, v is the axial velocity, and d is the viscous-damping coefficient. When the bending
stiffness in Eq. (1) is omitted, a ¼ 0, the equation of an axially moving viscously damped string is
obtained. If the belt drive runs at a constant velocity the eccentricity of the pulleys gives both ends
of the belt span transverse displacements like those shown in Fig. 1. Pulley eccentricity can also cause
periodic tension variations in the belt span [23]. In our case we have neglected this effect.
Considering the fundamental components of these excitations, the boundary conditions for Eq. (1) can
be written as

wð0; tÞ ¼ d1ðtÞ; wðL; tÞ ¼ d2ðtÞ, ð2Þ

q2

qx2
wð0; tÞ ¼ 0;

q2

qx2
wðL; tÞ ¼ 0, ð3Þ

where d1ðtÞ and d2ðtÞ represent the functions of the generalized support excitations. The initial deflection and
the initial velocity of the deflection are expressed as

wðx; 0Þ ¼ hðxÞ and
qwðx; 0Þ

qt
¼ gðxÞ. (4)

3. Solution methods

The equation of motion (1) has to be modified before the approximate Galerkin finite-element
method can be applied. Taking into consideration the prescribed displacement of the supports, the total
response of the linear beam model can be obtained from the principle of superposition. The basic step in the
formulation of the problem is to express the displacement response of the beam as the sum of the
displacements that would be induced by the support motion applied statically (the so-called pseudo-static
displacement wsðx; tÞ) together with the additional displacement due to the dynamic effects wd ðx; tÞ, as shown
in Fig. 2.

wðx; tÞ ¼ wsðx; tÞ þ wd ðx; tÞ. (5)

Substituting Eq. (5) into Eq. (1) we get

a2 q4wdðx; tÞ

qx4
� ðc2 � v2Þ

q2wd ðx; tÞ

qx2
þ 2v

q2wdðx; tÞ

qx qt
þ

q2wdðx; tÞ

qt2
þ b

qwdðx; tÞ

qt

þ bv
qwdðx; tÞ

qx
¼

1

m
f ðx; tÞ þ peff ðx; tÞ ð6Þ
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Fig. 2. Deflection of the beam as the sum of the pseudo-static and dynamic deflections.
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where

peff ðx; tÞ ¼ � a2 q4wsðx; tÞ

qx4
þ ðc2 � v2Þ

q2wsðx; tÞ

qx2
� 2v

q2wsðx; tÞ

qx qt
�

q2wsðx; tÞ

qt2

� b
qwsðx; tÞ

qt
� bv

qwsðx; tÞ

qx
ð7Þ

represents the effective load applied to the beam segment by the support excitations. The pseudo-static
displacement wsðx; tÞ in Eq. (7) can be written as

wsðx; tÞ ¼ d1ðtÞ 1�
x

L

� �
þ d2ðtÞ

x

L
¼
X2
j¼1

djðtÞjjðxÞ, (8)

where jjðxÞ represents the displacement shapes. Substituting Eq. (8) into Eq. (7) leads to an expression for the
effective load

peff ðx; tÞ ¼ �
X2
j¼1

ð2v_djðtÞ þ bvdjðtÞÞ
djjðxÞ

dx
þ ð€djðtÞ þ b_djðtÞÞjjðxÞ

� �
. (9)

Substituting Eq. (9) into Eq. (6) we get

a2 q4wdðx; tÞ

qx4
� ðc2 � v2Þ

q2wdðx; tÞ

qx2
þ 2v

q2wdðx; tÞ

qx qt
þ

q2wdðx; tÞ

qt2
þ b

qwk
dðx; tÞ

qt

þ bv
qwk

dðx; tÞ

qx
¼

1

m
f ðx; tÞ �

X2
j¼1

ð2v_djðtÞ þ bvdjðtÞÞ
djjðxÞ

dx
þ ð€djðtÞ þ b_djðtÞÞjjðxÞ

� �
. ð10Þ

The boundary conditions expressing the displacement for Eq. (10) can be written in the form

wdð0; tÞ ¼ 0; wd ðL; tÞ ¼ 0. (11)

On the other hand, the boundary conditions (3) remain the same.
3.1. Spatial discretization using the approximate Galerkin finite-element method

The spatial discretization of Eq. (10) is done using the Galerkin finite-element method.
By multiplying Eq. (10) by a weight function uðxÞ and by integrating over the domain x 2 ½0;L�
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we obtain [24]

Z L

0

a2 q4wdðx; tÞ

qx4
� ðc2 � v2Þ

q2wdðx; tÞ

qx2
þ 2v

q2wdðx; tÞ

qx qt
þ

q2wd ðx; tÞ

qt2
þ b

qwdðx; tÞ

qt
þ bv

qwdðx; tÞ

qx

 

�
1

m
f ðx; tÞ þ

X2
j¼1

ð2v_djðtÞ þ bvdjðtÞÞ
djjðxÞ

dx
þ ð€djðtÞ þ b_djðtÞÞjjðxÞ

� �!
uðxÞdx ¼ 0. ð12Þ

Eq. (12) is referred to as a variational form of Eq. (10). Mathematically, it will be assumed that uðxÞ

is continuously differentiable in the interval x 2 ½0;L�. By integrating the fourth derivative term by parts,
Eq. (12) can be expressed as

a2

Z L

0

q2wd ðx; tÞ

qx2

d2uðxÞ

dx2

� �
dx� ðc2 � v2Þ

Z L

0

q2wdðx; tÞ

qx2
uðxÞ

� �
dxþ 2v

Z L

0

q2wdðx; tÞ

qx qt
uðxÞ

� �
dx

þ

Z L

0

q2wdðx; tÞ

qt2
uðxÞ

� �
dxþ b

Z L

0

qwdðx; tÞ

qt
uðxÞ

� �
dxþ bv

Z L

0

qwd ðx; tÞ

qx
uðxÞ

� �
dx

¼
1

m

Z L

0

f ðx; tÞuðxÞdx�
X2
j¼1

ð2v_djðtÞ þ bvdjðtÞÞ

Z L

0

djjðxÞ

dx
uðxÞdx

�
X2
j¼1

ð€djðtÞ þ b_djðtÞÞ

Z L

0

jjðxÞuðxÞdx�
1

m
½TðxÞuðxÞ�L0 þ

1

m
MðxÞ

quðxÞ

qx

� �L

0

, ð13Þ

which is the so-called weak form of Eq. (12). The variables TðxÞ and MðxÞ denote the shear force and the
bending moment. The approximate solution on the subinterval x 2 ½xe�1;xe� of length h, can be written as

we
d ðx; tÞ ¼

X4
j¼1

Ue
j ðtÞc

e
j ðxÞ (14)

where Ue
1 and Ue

2 denote the deflection and rotation of the nodal point at the left-hand end of the finite
element. The variables Ue

3 and Ue
4 denote the deflection and rotation at the right-hand end of the finite

element. The third-order Hermite polynomials ce
1, c

e
2, c

e
3 and ce

4 are given by the equations

ce
1ðxÞ ¼ 2

x� xe�1

h
þ 1

� � x� xe�1

h
� 1

� �2
; ce

2ðxÞ ¼
x� xe�1

h
1�

x� xe�1

h

� �2
h, ð15Þ

ce
3ðxÞ ¼

x� xe�1

h

� �2
3� 2

x� xe�1

h

� �
; ce

4ðxÞ ¼
x� xe�1

h

� �2 x� xe�1

h
� 1

� �
h. ð16Þ

Replacing wd ðx; tÞ in Eq. (13) with the approximation given by Eq. (14), we obtain

X4
j¼1

€U
e

j ðtÞ

Z xe

xe�1

ce
j ðxÞc

e
i ðxÞdx|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Me
ij

þ
X4
j¼1

_U
e

j ðtÞ 2v

Z xe

xe�1

dce
j ðxÞ

dx
ce

i ðxÞdxþ b

Z xe

xe�1

ce
j ðxÞc

e
i ðxÞdx

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Ce
ij

þ
X4
j¼1

Ue
j ðtÞ a2

Z xe

xe�1

d2ce
j ðxÞ

dx2

d2ce
i ðxÞ

dx2
dx� ðc2 � v2Þ

Z xe

xe�1

d2ce
j ðxÞ

dx2
ce

i ðxÞdxþ bv

Z xe

xe�1

dce
j ðxÞ

dx
ce

i ðxÞdx

 !
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Ke
ij

¼
1

m

Z xe

xe�1

f ðx; tÞce
i ðxÞdx|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Fe
i

�
X2
j¼1

ð2v_djðtÞ þ bvdjðtÞÞ

Z xe

xe�1

djjðxÞ

dx
ce

i ðxÞdx

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ge

i
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�
X2
j¼1

ð€djðtÞ þ b_djðtÞÞ

Z xe

xe�1

jjðxÞc
e
i ðxÞdx

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
fe

i

�
1

m
½TðxÞce

i ðxÞ�
xe
xe�1
þ

1

m
MðxÞ

dce
i ðxÞ

dx

� �xe

xe�1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Pe

i

; i ¼ 1; 2; 3; 4. ð17Þ

By using Simpson’s approximate formula for solving integrals, the variables F e
i and fe

i can
be written as:

Fe
1 ¼

1

6

h

m
ð2f ðxe�1; tÞ þ f ðxe; tÞÞ; Fe

2 ¼
1

24

h2

m
ðf ðxe�1; tÞ þ f ðxe; tÞÞ,

Fe
3 ¼

1

6

h

m
ðf ðxe�1; tÞ þ 2f ðxe; tÞÞ; Fe

4 ¼ �
1

24

h2

m
ðf ðxe�1; tÞ þ f ðxe; tÞÞ,

fe
1 ¼

X2
j¼1

ð€djðtÞ þ b_djðtÞÞ
h

6
ð2jjðxe�1Þ þ jjðxeÞÞ,

fe
2 ¼

X2
j¼1

ð€djðtÞ þ b_djðtÞÞ
h2

24
ðjjðxe�1Þ þ jjðxeÞÞ,

fe
3 ¼

X2
j¼1

ð€djðtÞ þ b_djðtÞÞ
h

6
ðjjðxe�1Þ þ 2jjðxeÞÞ,

fe
4 ¼ �

X2
j¼1

ð€djðtÞ þ b_djðtÞÞ
h2

24
ðjjðxe�1Þ þ jjðxeÞÞ.

The integrals in expression (17) relating to the variables ge
i can be solved analytically:

ge
1 ¼ ge

3 ¼
hv

2L
ð2ð_d2ðtÞ � _d1ðtÞÞ þ bðd2ðtÞ � d1ðtÞÞÞ, ð18Þ

ge
2 ¼ �g

e
4 ¼

h2v

12L
ð2ð_d2ðtÞ � _d1ðtÞÞ þ bðd2ðtÞ � d1ðtÞÞÞ. ð19Þ

The moment and shear force at the left- and right-hand nodal points of the finite element are given by the
variable Pe

i :

Pe
1 ¼

1

m
Teðxe�1Þ; Pe

2 ¼ �
1

m
Meðxe�1Þ; Pe

3 ¼ �
1

m
TeðxeÞ; Pe

4 ¼
1

m
MeðxeÞ. (20)

Thus, the equation of the finite element can be written as a set of linear differential equations of the second
order

Me €ueðtÞ þ Ce _ueðtÞ þ KeueðtÞ ¼ feðtÞ þ peðtÞ. (21)

The elements of the mass Me, the damping Ce and the stiffness Ke matrix of the finite element are given in
Appendix A. The forcing vector feðtÞ and the vector peðtÞ with the nodal values of the shear forces and the
bending moments have the following form:

feðtÞ ¼

Fe
1

Fe
2

Fe
3

Fe
4

8>>>><
>>>>:

9>>>>=
>>>>;
�

fe
1

fe
2

fe
3

fe
4

8>>>><
>>>>:

9>>>>=
>>>>;
�

ge
1

ge
2

ge
3

ge
4

8>>>><
>>>>:

9>>>>=
>>>>;
; peðtÞ ¼

Pe
1

Pe
2

Pe
3

Pe
4

8>>>><
>>>>:

9>>>>=
>>>>;
.

The deflections and rotations of the nodal points of the finite element are given in the vector
ueðtÞ ¼ fU

e
1;U

e
2;U

e
3;U

e
4g

T. The next step in the process is the summation over the elements, as shown in
Fig. 3. The first and penultimate equations have to be removed, because of the boundary conditions (11) that
prescribe the zero deflection of the nodal points U1ðtÞ ¼ 0 and U2nþ1ðtÞ ¼ 0. The reduced equation of the
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U1,U2 U3,U4 U5,U6 U2n-1,U2n

U2
2

U1
2 U3

2

U4
2

10 2 n-1 n

L

e=2

2 n

U2n+1,U2n+2

1

Fig. 3. Summation over the finite elements.
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problem can be written as

M€uðtÞ þ C_uðtÞ þ KuðtÞ ¼ fðtÞ þ pðtÞ|fflfflfflfflfflffl{zfflfflfflfflfflffl}
FðtÞ

, (22)

where M is the mass matrix, C is the damping matrix and K is the stiffness matrix of size 2n� 2n, where n

denotes the number of finite elements (Fig. 3). Regarding the boundary conditions, and assuming that no
external forces and moments act on the beam along its length, the vector pðtÞ can be written as

pðtÞ ¼ f0; 0; . . . ; 0gT. (23)

3.2. Spatial discretization using the Galerkin method

In this section the Galerkin method is applied to solve Eq. (10). The trial function is chosen to be in the
form,

wðx; tÞ ¼
XN

i¼1

qiðtÞ sin
ipx

L

� �
, (24)

where sinðipx=LÞ is the ith eigenfunction of a simply supported stationary string, and qiðtÞ are generalized
displacements. The variable N denotes the number of terms in the series solution. The application of
Galerkin’s method provides a set of ordinary differential equations in the form

M€qðtÞ þ C_qðtÞ þ KqðtÞ ¼ FðtÞ, (25)

where M, C and K are the mass, damping and stiffness matrices.

3.3. Time discretization using the Newmark method

The Newmark scheme is a classic time-stepping algorithm, popular in structural mechanics [24]. Before
applying the method to the system of Eqs. (22) or (25), they have to be rewritten in the form

€uðtÞ ¼ gðt; uðtÞ; _uðtÞÞÞ ¼M�1ðFðtÞ � C_uðtÞ � KuðtÞÞ. (26)

Using the Newmark method the dynamic response of the system is obtained. From this point on the Galerkin-
finite-element-Newmark (GFEN) method will denote the method where the spatial discretization of the initial
boundary-value problem (1)–(4) is made using the Galerkin finite-element method, and time discretization of
the problem is made using the Newmark method. Similarly, the Galerkin–Newmark (GN) method will denote
the method where the spatial discretization of the initial boundary-value problem (1)–(4) is made using the
Galerkin method and the time discretization of the problem is made using the Newmark method.

4. Central finite-difference approximation of the axially moving beam equation

The central difference method will be used to find an approximate solution of the initial boundary-value
problem (1)–(4) [24]. Finite-difference methods provide a powerful approach to solving differential equations
and are widely used in many fields of applied sciences. The function wðx; tÞ depends on two variables, x 2 ½0;L�
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and t 2 ½0; tk�. A discretization of the function wðx; tÞ is obtained by considering only the values wk
i ¼ wðxi; tkÞ

at a finite number of points ðih; kDtÞ. The central finite-difference approximations of the derivatives are given
in Appendix B. Applying the boundary conditions given with Eqs. (2) and (3), the nodal values wk

�1, wk
0, wk

n

and wk
nþ1 can be expressed as

wk
0 ¼ d1ðtkÞ; wk

n ¼ d2ðtkÞ; t40, ð27Þ

wk
�1 ¼ 2wk

0 � wk
1 ; wk

nþ1 ¼ 2wk
n � wk

n�1; t40. ð28Þ

By using the approximations given with Eqs. (35)–(40) and considering the boundary conditions (27) and (28),
Eq. (1) can be written as a set of n� 1 linear equations

AMwkþ1 ¼ AKw
k þ ACw

k�1 þ fk; k ¼ 0; 1; 2; . . . , (29)

where wk ¼ fwk
1 ;w

k
2 ; . . . ;w

k
n�1g

T and fk ¼ ff ðx1; tkÞ; f ðx2; tkÞ; . . . ; f ðxn�1; tkÞg
T. In the first integration step the

k ¼ 0 initial conditions (4) have to be taken into consideration

w�1 ¼ w1 � 2Dtg0, (30)

where g0 ¼ fgðx1Þ; gðx2Þ; . . . ; gðxn�1Þg
T. Using Eq. (30) a system of Eqs. (29) can be rewritten as a set of two

systems of equations:

ðAM � ACÞw
1 ¼ AKw

0 � 2DtACg
0 þ f0;

AMwkþ1 ¼ AKw
k þ ACw

k�1 þ fk; k ¼ 1; 2; . . . :

(
(31)

The central finite difference (CEFD) will from now on be the notation where the initial boundary-value
problem (1)–(4) is solved using the central difference method.

5. Numerical studies

In this section a few numerical examples are presented to demonstrate the effect of various parameters on
the dynamic response of the axially moving belt obtained by three approximate methods and to validate the
presented GFEN method. In all the numerical cases the initial conditions regarding Eq. (1) will be expressed as

hðxÞ ¼ 0m; gðxÞ ¼ 0m=s; t ¼ 0 s. (32)

A zero distributed load is assumed. The functions of the generalized support excitations are given in the form

d1ðtÞ ¼ 0m d2ðtÞ ¼ 0:04ð1� cosð20ptÞÞm; 0 sptptk. (33)

The other beam (belt) parameters are given in Table 1. The dynamic responses obtained using the GFEN, GN and
CEFD methods are compared for various bending stiffnesses and different belt velocities. In order to compare the
time histories obtained with all three methods, the estimated error of the dynamic response should be less than
10�4L of the true value for all the velocities and bending stiffnesses in our numerical studies. Since the Newmark
method is unconditionally stable, no spurious oscillations arise in the solution obtained using the GFEN and GN
methods. The convergence of the GFEN and GN methods is rapid. In order to ensure the prescribed accuracy in
the case of the GFEN method the spatial discretization step should be at least 1:25� 10�2 m. In the case of the
GN method, by taking at least 50 terms (N ¼ 50) in the series solution, Eq. (24), the prescribed accuracy is
ensured. The time-discretization step in both methods should be at least Dt ¼ 0:0001 s. In contrast, the CEFD
method is an explicit, conditionally stable scheme. In order to ensure stability the time-discretization step should be
arbitrarily small, according to the chosen space-discretization step. The convergence of the CEFD method is
relatively slow. To ensure the prescribed accuracy and stability the space- and time-discretization steps should be
Table 1

Beam parameters

L (m) m (kg/m) T (N)

1 0.1 80
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chosen at least h ¼ 1:25� 10�2 m and Dt ¼ 5� 10�6 s. It is obvious that the computational time of the CEFD
method is much greater than the computational time of the GFEN and GN methods. Although the CEFD
method is the simplest one, it is relatively time consuming. By increasing the a=c ratio the convergence of all three
methods is faster; however, by increasing the velocity the convergence of the methods becomes slower. Thus, in our
case choosing space- and time-discretization steps h ¼ 1:25� 10�2 m and Dt ¼ 5� 10�6 s the prescribed accuracy
for all three methods is achieved.

5.1. Undamped string model analysis: a=c ¼ 0m, d ¼ 0Ns=m

In the following analysis the bending stiffness and damping contributions are neglected: a=c ¼ 0m and
d ¼ 0Ns=m. Thus, the belt is modeled as an axially moving undamped string. In this special case the results
obtained with the presented approximate methods can readily be compared with the exact solutions given in
Ref. [17]. In Table 2 the comparison of approximate solutions with the exact solution and the relative error
estimate are given at the position x ¼ 0:625L. The results obtained with the GFEN and CEFD methods are in
good agreement with the exact values for all the axial velocities. It can also be seen that the results obtained
with the GN method are in good agreement with the exact solution at zero axial velocity, v ¼ 0m=s. However,
as the velocity increases the results obtain with the GN method do not converge to the exact values.

5.2. String model analysis: a=c ¼ 0m, d ¼ 0:5Ns=m

Assume that the bending stiffness of the belt is neglected, a=c ¼ 0m. Thus, the belt is modeled as an axially
moving string. The dynamic deflection of the axially moving string is calculated using all three methods and
making a comparison at the position x ¼ 0:625L. In order to show the influence of the velocity on the method of
the solution, dynamic deflections are calculated at four different velocities. In Fig. 4 the time histories obtained
with the GFEN, GN and CEFD methods at different velocities are presented. The results indicate that in the case
when the velocity is equal to zero (Fig. 4(a)) there is practically no difference between the two dashed lines and the
one solid line. As the velocity increases the difference between the two dashed lines and the one solid line
increases, as can be seen in Figs. 4(b)–(d). The dashed–dot line obtained with the GFEN method and the dashed
line obtained with the CEFD method are overlapping, which indicates that the GFEN and CEFD methods give
practically the same results. It can be seen that by increasing the relative axial velocity v=c the results obtained
with the GN method do not converge to the same values obtained with the GFEN and CEFD methods.
Table 2

Comparison of approximate solutions with the exact solutions

Time (s) Exact solution (m) GFEN CEFD GN

Solution (m) Error (%) Solution (m) Error (%) Solution (m) Error (%)

v=c ¼ 0

0.1 �0.043967 �0.043969 0.0059 �0.043971 0.0105 �0.043969 0.0060

0:2 �0.013681 �0.013676 0.0346 �0.013797 0.8473 �0.013676 0.0344

0:3 �0.024855 �0.024861 0.0211 �0.024859 0.0138 �0.024861 0.0214

0:4 �0.037963 �0.037958 0.0114 �0.037990 0.0720 �0.037959 0.0109

v=c ¼ 0:35
0:1 �0.021042 �0.021060 0.0828 �0.021043 0.0009 �0.016152 23.2421

0:2 �0.077976 �0.077992 0.0203 �0.077977 0.0008 �0.066207 15.0926

0:3 �0.068971 �0.068970 0.0016 �0.068974 0.0034 �0.067494 2.1415

0:4 �0.008036 �0.008034 0.0364 �0.008040 0.0424 �0.008142 1.3147

v=c ¼ 0:53
0:1 0.039996 0.039977 0.0478 0.039992 0.0095 0.045472 13.6902

0:2 0.073357 0.073318 0.0537 0.073344 0.0176 0.086105 17.3779

0:3 0.099738 0.099677 0.0610 0.099706 0.0320 0.121426 21.7449

0:4 0.118865 0.118782 0.0697 0.118812 0.0449 0.151058 27.0836
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(a) (b)

(d)(c)

Fig. 4. Dynamic response of the axial moving string obtained at position x ¼ 0:625L: (a) relative axial velocity v=c ¼ 0; (b) relative axial

velocity v=c ¼ 0:35; (c) relative axial velocity v=c ¼ 0:53; (d) relative axial velocity v=c ¼ 0:71. (� � �) GFEN method, (——) GN method,

(� � �) CEFD method.
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5.3. Beam model analysis: a=c ¼ 0:3m, d ¼ 0:5Ns=m

In the following analysis the bending stiffness is taken into account, a=c ¼ 0:3m. Thus, the belt is modeled
as an axially moving beam. The dynamic deflections obtained with the CEFD, GFEN and GN methods are
compared at the same position as in the string case, x ¼ 0:625L. Fig. 5 indicates that at high velocities the
results obtained with all three methods agree very well. It can be shown that at low velocities the differences
between the results obtained with all three method are even smaller. If we compare the time histories of the
string and the beam at the same velocity it is obvious that the difference between the solution obtained with
the GN method and the solutions obtained with the GFEN and CEFD methods is larger in the string case.

In Fig. 6 the mean relative difference between the dynamic responses obtained with the GFEN and GN
methods is shown as a function of the axial velocity and the bending stiffness. The mean relative difference is
calculated using the following equation:

�ðvÞ ¼
1

npL
jðwGFEN;vðx; tÞ � wGN;vðx; tÞÞj; 0pvp0:53c; x ¼ 0:625L, (34)

where wGFEN;vðx; tÞ and wGN;vi
ðx; tÞ denote the dynamic responses obtained with the GFEN and GN methods

at an axial velocity v and at position x ¼ 0:625m. The variable np denotes the number of all the points in the
dynamic response. It is clear from Fig. 6 that if the axial velocity increases the mean relative difference �
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Fig. 5. Dynamic response of the axially moving beam obtained at position x ¼ 0:625L and relative axial velocity v=c ¼ 0:71.
(� � �) GFEN method, (——) GN method, ð� � �Þ CEFD method.
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Fig. 6. Mean relative difference �ðvÞ versus relative axial velocity for different values of relative bending stiffness at position L ¼ 0:625m.

(���) a=c ¼ 0m, (� � �) a=c ¼ 0:03m, (�n�) a=c ¼ 0:1m, (� � �) a=c ¼ 0:3m.
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increases exponentially. On the other hand, when the relative bending stiffness a=c is increased the mean
absolute difference � is reduced.

6. Conclusion

In this paper the transverse oscillations in a traveling beam due to the arbitrary lateral vibrations of the
support(s) have been studied. It has been shown how the dynamic response of the initial boundary-value
problem that describes these oscillations can be obtained using an approximate Galerkin finite-element
method and the Newmark method. The presented method enables us to include the dissipation of energy in the
form of an equivalent viscous-damping model. So, in this paper the solution method that combines the
arbitrary support excitations and the damping mechanism was presented.

In order to verify the presented Galerkin finite-element method a quantitative comparison between three
approximate methods was preformed. The results obtained with all three approximate methods were first
compared with the exact solution for the case of the undamped traveling string. Subsequently, when the exact
solution was not available, only the comparison between the approximate solution was preformed. Based on
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this comparison a new phenomenon regarding the Galerkin method was observed. Our case study shows that
the Galerkin–Newmark method seems to give a poor prediction of the dynamic response for certain
parameters of the system. Numerical studies indicate that the velocity and the bending stiffness appear to have
a significant effect on the difference between the dynamic response obtained with the Galerkin-finite-element-
Newmark and the Galerkin–Newmark methods. The mean relative difference �ðvÞ increases exponentially with
the axial velocity and decreases with the bending stiffness. Considering a comparison of the approximate
solutions with the exact solution and from the fact that two different methods, the Galerkin-finite-element-
Newmark and the finite-difference, give practically the same results for various parameters of the system, one
can assume that at high velocities the Galerkin–Newmark method gives a poor prediction of the dynamic
response.

From the above-mentioned observations one can conclude that the problem lies in the spatial discretization
and not in the time discretization of the Galerkin–Newmark method. So, the Galerkin method, where
stationary string eigenfunctions are used, should be used carefully when applied to the spatial discretization of
axially moving continua. On the other hand, the presented Galerkin finite-element method seems to be
suitable for the spatial discretization of axial moving continua for various parameters of the system.
Appendix A

In this appendix the elements of the mass Me, damping Ce and stiffness Ke matrices of the finite element are
presented:
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Appendix B

In this appendix the central difference approximations of the derivatives in Eq. (1) are given.

q4wðxi; tkÞ

qx4
	

wk
i�2 � 4wk

i�1 þ 6wk
i � 4wk

iþ1 þ wk
iþ2

h4
, ð35Þ

q2wðxi; tkÞ

qx2
	

wk
i�1 � 2wk

i þ wk
iþ1

h2
, ð36Þ

q2wðxi; tkÞ

qx qt
	

wk�1
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i�1 � wk�1
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4hDt
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